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1. Introduction: Chi-Squared Tests Under Misclassification Error

For data collected through a complex sample design, standard Pearson multinomial-distribution-
based chi-squared tests generally do not achieve their nominal levels of type I error. Consequently,
Scott and Rao (1981) considered adjustments of chi-squared test statistics to give asymptotically
valid tests of homogeneity based on data from a complex sample design. See, e.g., Rao and Scott
(1981, 1984, 1987), Fay (1985), Thomas and Rao (1987), Graubard and Korn (1993) and Thomas,
Singh and Roberts (1996) for additional discussion of the effects of complex survey designs on
quadratic-form test statistics and modifications thereof.

Another problem with the standard Pearson-type chi-squared test is that when misclassification
errors exist, they can inflate the true type I error rate of the test, regardless of the sample design
employed. For some general background on this issue, see, e.g., Mote and Anderson (1965),
Tenenbein (1972), Hochberg (1977), Hochberg and Tenenbein (1983), Selen (1986) and references
cited therein.

Rao and Thomas (1991) discussed methods to adjust chi-squared test statistics for goodness of
fit with complex survey data subject to misclassification errors. When misclassification errors exist,

the observed cell proportions are adjusted by a misclassification probability matrix, 4,, say, for the
i -th population; and one must adjust variance estimators and test statistics accordingly. The present
paper investigates chi-squared test statistics for homogeneity with complex survey data subject to
misclassification errors. Principal emphasis is placed on trade-offs between test bias and power that
arise as one considers limitations on the amount of information available on the underlying
misclassification probabilities.

2. Quadratic Form Test Statistics

Suppose that we have two distinct populations labeled i =1, 2, and suppose that we select samples
of sizes n, and n, from these populations. In addition, suppose that each observation in the i-th
sample is classified into one of J mutually exclusive and exhaustive classes. For each population
i, let m, =(m,,.,m,) and p, =(p,,..p,) be the vectors of the J true proportions and
expected observed proportions, where the expectation is evaluated with respect to the distribution of
misclassification errors. For example, in the application considered in the detailed version of this
paper, the populations i are sets of persons or households within a state i in the United States, the



classes j are determined by the health or behavioral characteristics of these persons or households,
T

expected value of the corresponding vector of prevalence rates that would be reported if the fallible
instrument were applied to all units in the population. Then a test of homogeneity of the true

proportions will involve the null hypothesis H,, : 71, = 11, = 1T, and the general alternative hypothesis

is the corresponding vector of true prevalence rates within population i, and p,, is the

H,:m #m, ,where T, is a vector containing the first (J —1) elements of 77,,, i =0,1,2; and 17, 1s
an unknown vector.

Now define Z to be an observed class, Y to be a true class, and P.(Z =k |Y = j) to be the
probability that a unit reports membership in a class & conditional upon Y = for the i -th

population. When the observed proportions are subject to misclassification error, customary design
based estimators of the proportions of reported classifications will converge to

P = AT, (1)

where 4; =a, , is a JxJ dimensional matrix with (j,k) -th element a, , =P(Z =k|Y =) .
Following Rao and Thomas (1991), consider the case in which one has consistent point estimators

p,. and ,le. of p,, and 4,, respectively. Then a simple estimator of 77, is
. =(4)" p.. 2)

where we assume that 1:11. is invertible. Following, e.g., Scott and Rao (1981), we may consider
testing the null hypothesis with a quadratic test statistic of the form,

(74 —7,) M (7%, = 1,) 3)

where one could consider several possible symmetric matrices M . For example, under appropriate
conditions, including the approximate independence of 71, and 77, , one could use the test statistic

(7 =10,) (n]'V, +03'V) ™ (7, — 1) (4)

~

where 7'V, is an estimator of the variance of the approximate distribution of 71, .

3. Assessment of the Power of Adjusted Tests

Practical applications of the test statistics (3) and (4) involve two important issues. First, in many
cases direct design-based variance estimators n;'V, are not available to a secondary data analyst, or
are relatively unstable. For such cases, following Rao and Scott (1981, 1984, 1987), one can
develop first- and second-order Rao-Scott type versions of the general test statistic (3). Second,
consider the performance of a test based on the misclassification-adjusted difference 77, - 17, ,
relative to the performance of a similar test based on the unadjusted difference p, — p,. If the
misclassification probability matrices 4, and A4, are not equal, then the latter test generally will be
biased. In general, this would lead one to prefer test statistics like (4) that depend on the
misclassification-adjusted differences 71, —71,. However, in some cases the matrix of estimated



misclassification probabilities ,le. may be based on a subsample of moderate size, so that the

sampling error 1211, — A4, makes a nontrivial contribution to the overall variability of the

misclassification-adjusted point estimator 7T, . Consequently, even if one adjusts the variance

estimator nl._ll}. to account for this additional source of variability, the error ,le. — A, may

1

substantially degrade the power of a test based on (4). As one considers a sequence of cases in
which the sampling errors Izli — A, become progressively larger and the differences 4, — 4, become
progressively smaller, each relative to the sampling error of p, — p,, one eventually reaches the

point at which the adjusted test will have operating characteristics that are inferior to those of the
corresponding unadjusted test based on p, — p,. In formal terms, the relative degradation of these
two tests can be evaluated through display of estimated forms of their respective power curves. The
detailed version of this paper develops relatively simple methods for estimation of these power
curves from available data and applies the proposed methods to data from a health survey.
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