
Fitting GaussianMark ov random fields to Gaussianfields

Håkon Tjelmeland,
Department of Mathematical Sciences,
Norwegian University of Science and Technology,
Trondheim, Norway.
E-mail: haakont@stat.ntnu.no

1 Intr oduction

In Bayesianspatialandspatio-temporalmodels,oneoften needsto representa spatialvariable, � say, by a
stationaryGaussianfield. We assumetheGaussianfield to berepresentedon a finite lattice,
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. If oneor several realisationsof � areavailable,from which themeanand

covariancefunctionscanbeestimated,it is commonto reinserttheestimatedfunctionsin theBayesianmodel.
If no realisationsof � areavailable,onein steadtypically usesprior informationto specifyparametricforms
for themeanandcovariancefunctions. Bayesianspatialmodelsoften have to be analysedvia Markov chain
MonteCarlo(MCMC) techniques,see,for example,Gilks etal. (1996).To beableto specifyefficientMCMC
procedures,it is oftenpreferableto let theposteriordistributionhaveaMarkov property. It is commonto ensure
this by choosinga Markov prior field for � . Theobservation likelihoodusuallydoesnot destroy this Markov
property.

Theabove scenariorequiresthatwe specify � asaGaussianfield with aMarkov property. Thissubclass
of Gaussianfields is called GaussianMarkov randomfields (GMRF) or conditionalautoregressive models
(Cressie,1993;BesagandKooperberg, 1995). Thus,onemustbe ableto fit a GMRF to a given correlation
function. This is the problemdiscussedin this paper, seeRueandTjelmeland(1999) for a more thorough
treatment.

2 Gaussianrandom fields and GaussianMark ov random fields

A generalGaussianfield onthelattice
�

is amultivariateGaussianvariablewith agivenmean& andcovariance
matrix ' . TheGaussianfield is aGMRF if it hastheMarkov property
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GMRFs have several computationaladvantagescomparedto generalGaussianfields (Rue,2001). The pa-
rametersof GMRFshave interpretationsvia conditionalmeanandvariances.However, unlike the meanand
correlationfunctionsof Gaussianfields,theGMRFparametershave no clearunconditionalinterpretations.

Let W �MLN
2OP� denotethecovariancefunctionfor a homogeneousGaussianfield, definedasthecovariance
between�.X 4 X and � T 4 V , andlet Y �MLN
2OP�Z� W �MLN
2OM��[ W � � 
 � � and \ � � � bethecorrespondingcorrelationanddensity
functions,respectively. Let ]W , ]Y and ]\ denotecorrespondingquantitiesfor aGMRF. Thenumberof parameters
in aGMRF with a

�M^%_a`b�C�Zcd�M^%_�`e�C�
neighbourhood,whenimposingrotationandreflectioninvariance,is_d�	_f`F�C��[�^g`h_i`F�

, seeFigure1 for
_j�e^

. Weset k T V � H 3 X 4 X 5S4 3lT 4 VU5 andlet k beavectorof all parameters

of theGMRF, so ]W , ]Y and ]\ becomefunctionsof k . As it is straightforwardto fit exactly themeanandvariance



functions,we canlimit theattentionto Gaussianfields andGMRFswith zeromeanandunit variance.Thus,
our aim definedabove canberephrasedto thefollowing. For a givencorrelationfunction mNnMoNp2qPr , andthereby
aGaussiandensity s , andaspecifiedneighbourhoodsize t , identify theparametervector, u , thatmakes vs ands assimilaraspossible.

3 Fitting a GMRF by matching the correlation function

To fit vs to a given s , theperhapsmostnaturalchoiceis to minimise,with respectto u , theKullback-Leibler
discrepancy betweenthem. If we let the densitiess and vs be definedon a torus, the computationof the
Kullback-Leiblerdiscrepancy is especiallyefficientandnumericalminimisationbecomesfeasible,seeRueand
Tjelmeland(1999)for details.However, it canbeshown thatKullback-Leiblermatchesexactlyall correlations
inside wxnSyzp2y{r}|>~�nSyzp2y{r�� andletstheremainingonesbedeterminedby inversionof theprecisionmatrix. As a
result, vm is oftenverydifferentfrom m for largerlags.

TheKullback-Leiblerfits thecorrelationfunction vm to m usingonly lagsin w�nSyzp2y{r . Weproposeto extend
this ideaby includingalsolagsoutsidewxnSyzp2y{r by minimising

� nMsNp�vs�r�� � ��l�C� �U�S�%�0�2������� n	mNnMoNp2qPr}� vm�nMoNp2qPr�r����anMoNp2q�p�m�nMoNp2qPr�r6p (3)

where �fnMoNp2q�p�m�nMoNp2qMr�rd�?y is a weight function. The Kullback-Leiblerdiscrepancy correspondsto setting�anMoNp2q�p�mNnMoNp2qPr�r to somepositivefigurewhenever nMoNp2qPr���w�nSyzp2y{rz|�~�nSyzp2y{r�� andzerootherwise.Weproposeto
use

�anMoNp2q�p�mNnMoNp2qPr�r�� ������ nMoNp2qPr p (4)

where
� nMoNp2qMr is theEuclideandistancebetweennSyzp2y{r and nMoNp2qPr . With this choicethecontribution from each

radii hasroughly thesameweight andthefitted GMRF shouldhave goodaverageproperties.By defining s
and vs ona torus,efficient computationof

� nMsNpzvs�r is possible,againseeRueandTjelmeland(1999)for details.
We have fitted theexponential,Gaussian,sphericalandMaterncorrelationfunctionsfor rangesup to  �y lags
andfor neighbourhoodsfrom ¡£¢¤¡ to ¥£¢¤¥ . Someresultsaregivenin Figure2 andmorecanbefoundin Rue
andTjelmeland(1999).

Similar to theGMRF on theline, thecorrelationfunctionof a GMRF on a torusconsistsof exponential
andexponentialdecaying¦2§©¨ ’s, seefor exampleBesagandKooperberg (1995). The exponentialcorrelation
functionis thereforetheeasiestcase,giving analmostperfectmatchfor neighbourhoodsizeslargerthan ¡ª¢�¡ .
TheGaussianandsphericalcorrelationfunctionsrepresentmoredifficult cases,asthey consistof exponentially
decaying¦2§©¨ ’s of all orders.Despitethis fact,thefit is surprisinglygood,evenwith  A¢�  neighbourhoods.

Table1 givestheupperright part(comparewith Figure1) of thecoefficientsin thefitted GMRF, with a �¢E  neighbourhood,for thethreecorrelationfunctionsin Figure2. Wefind theparameterscounterintuitive,
whenwe take into accountthat the correlationfunctionswe arematchingareall positive. Even whenusing
interpretationsof theparametersasconditionalmeanandvariances,thefittedparametervaluesareveryhardto
understandintuitively. Thus,we suggestthatmodellingof Gaussianspatiallyvaryingvariableswith a Markov
property, shouldbedonethroughacorrelationfunctionandthenfit aGMRF with a prescribedneighbourhood
using

� nMsNpzvs�r . For thefitting processto becomputationallyfeasible(for a largegrid) it mustbedonefor fields
definedon a torus.However, whenthefitted GMRF parametershave beenobtained,they maybeusedalsofor
GMRFswith otherboundaryconditions.



Table« 1: Coefficientsin thefittedGMRFusingthe ¬®­M¯N°0±¯�² criterionanda ³�´µ³ neighbourhoodfor exponential,
Gaussianandsphericalcorrelationfunctionswith range¶µ·e¸�¹ . Thetablesshow theupperright partof Figure
1.

3.1918 º 1.8615 1.2606º 4.1667 º 0.1940 º 1.8615
14.526 º 4.1667 3.1918

34.556 º 4.9243 º 1.9642º 290.25 108.55 º 4.9243
635.79 º 290.25 34.556

24.901 º 15.233 9.2614º 20.662 º 0.3277 º 15.233
69.179 º 20.662 24.901

Exponential Gaussian Spherical
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RESUME

Cet article considèrela tâchesuivante,souvent produitedansles modèlesbayésiensspatiaux:construireun
champgaussienmarkovien homogène(GMRF) sur un treillis avec une fonction de corrélationdonnée. La
distancedeKullback-Leiblermanquesouventdanscettetâche,cequi donneungravecomportementindésirable
de la fonction de corrélationpour desdistancesen dehorsdu voisinage.Nousproposonsun nouveaucritère
qui résoutcettedifficulté, et nousdémontronsque desGRMFs avec de petits voisinagespeuvent très bien
approximerdeschampsgaussiens,mêmeavecdelonguescorrélations.
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Figure1: The » parametersfor aGMRFwith a ¼£½�¼ neighbourhood.
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Figure2: Target correlationfunction (solid) andcorrelationfunctionsfor fitted GMRFswith neighbourhood
sizesÃÄ½>Ã (dash-dotted),¼�½>¼ (dashed)and ÅÄ½>Å (dotted).Targetcorrelationfunctionsare(a) exponential,
(b) Gaussianand(c) spherical,all with correlationrangeÆªÇeÃ�È .


