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1 Intr oduction

In Bayesianspatialand spatio-temporamodels,one often needsto represent spatialvariable,z say by a
stationaryGaussiarfield. We assumehe Gaussiarfield to be representedn afinite lattice, A = {(z, j)|i =
0,...,n, — 1,7 =0,... ,n.— 1}. If oneor severalrealisation®of = areavailable,from which the meanand
covariancefunctionscanbe estimatedit is commonto reinsertthe estimatedunctionsin the Bayesiarmodel.
If norealisation®of z areavailable,onein steadtypically usesprior informationto specify parametricforms
for the meanandcovariancefunctions. Bayesianspatialmodelsoften have to be analysedvia Markov chain
Monte Carlo(MCMC) techniquessee for example,Gilks etal. (1996). To beableto specifyefficient MCMC
procedurest is oftenpreferabldo let theposteriodistribution have aMarkov property It is commonto ensure
this by choosinga Markov prior field for z. The obseration likelihood usuallydoesnot destrg this Markov

property

Theabove scenariaequireshatwe specifyx asa Gaussiarfield with a Markov property This subclass
of Gaussiarfields is called GaussianMarkov randomfields (GMRF) or conditionalautorgressie models
(Cressie1993; Besagand Kooperbey, 1995). Thus,one mustbe ableto fit a GMRF to a given correlation
function. This is the problemdiscussedn this paper seeRue and Tjelmeland(1999) for a more thorough
treatment.

2 Gaussianrandom fields and GaussianMark ov random fields

A generalGaussiariield onthelattice A is amultivariateGaussiarvariablewith agivenmeanu andcovariance
matrix 3. The Gaussiariield is a GMRF if it hasthe Markov property

m(zij|za\((.g)}) = T(2ij|Ta(i5)) 1)

whered(i,j) C A\ {(4,7)} denotesthe setof neighboursof (i, 7). Typically, d(i, j) is a setof the sites
closestto (4, 7). The Markov propertydefinedby the neighbourhoodsystem{d(s, 5); (i,7) € A} inducesa
zero-patterrstructurein the precisionmatrix Q = £~ ! by

(k1) € 0(5,5) = Qi) =0 2)

GMRFs have sereral computationabdvantagescomparedio generalGaussiarfields (Rue,2001). The pa-
rametersof GMRFshave interpretationsvia conditionalmeanandvariances.However, unlike the meanand
correlationfunctionsof Gaussiariields,the GMRF parameterfiave no clearunconditionalinterpretations.

Let v(k,!) denotethe covariancefunctionfor a homogeneou&aussiarfield, definedasthe covariance
betweenzg o andzy ;, andlet p(k,1) = v(k,1)/v(0,0) and f(z) bethecorrespondingorrelationanddensity
functions,respectiely. Let¥, 5 andf denotecorrespondingjuantitiesfor a GMRF. Thenumberof parameters
in aGMRFwith a (2m + 1) x (2m + 1) neighbourhoodwhenimposingrotationandreflectioninvariancejs
m(m +1)/2 +m + 1, seeFigurel for m = 2. We setfy; = Q(o,0),(x,) @andletd beavectorof all parameters

of theGMRF, s0%, p andf becomédunctionsof 6. Asit is straightforvardto fit exactly themeanandvariance



functions,we canlimit the attentionto Gaussiarfields and GMRFswith zeromeanandunit variance.Thus,
our aim definedabove canbe rephrasedo the following. For agivencorrelationfunction p(k, ), andthereby
aGaussiardensity f, anda specifiedneighbourhoodizem, identify the parametevector 6, thatmalkes f and
f assimilaraspossible.

3 Fitting a GMRF by matching the correlation function

To fit fto agiven f, the perhapsmostnaturalchoiceis to minimise, with respecto 6, the Kullback-Leibler
discrepang betweenthem. If we let the densitiesf and f be definedon a torus, the computationof the
Kullback-Leiblerdiscrepang is especiallyefficientandnumericaiminimisationbecomedeasible seeRueand
Tjelmeland(1999)for details.However, it canbe shavn thatKullback-Leiblermatchesxactly all correlations
insided(0,0) U {(0,0)} andletsthe remainingonesbe determinedy inversionof the precisionmatrix. As a
result,p is oftenvery differentfrom p for largerlags.

TheKullback-Leiblerfits thecorrelationfunction g to p usingonly lagsin 9(0, 0). We proposeo extend
thisideaby includingalsolagsoutsided(0, 0) by minimising

= > Pk, )W (k, 1, p(k, 1)), 3)

(k,1)EA\{00}

whereW (k, 1, p(k,1)) > 0 is aweight function. The Kullback-Leiblerdiscrepang correspondgo setting
W (k,l, p(k,1)) to somepositive figurewheneer (k,1) € 9(0,0) U{(0,0)} andzerootherwise We proposeo
use

1
k1, p(k,l 4
whered(k,1) is the Euclideandistancebetween(0,0) and(k, ). With this choicethe contritution from each
radii hasroughly the sameweightandthe fitted GMRF shouldhave good averageproperties.By defining f
andf onatorus,efficient computatiorof D(f, f) is possible againseeRueandTjelmeland(1999)for details.
We have fitted the exponential,Gaussiansphericaland Materncorrelationfunctionsfor rangesup to 50 lags

andfor neighbourhoodfrom 3 x 3t0 9 x 9. Someresultsaregivenin Figure2 andmorecanbefoundin Rue
andTjelmeland(1999).

Similarto the GMRF on theline, the correlationfunctionof a GMRF on atorusconsistf exponential
andexponentialdecayingsin’s, seefor exampleBesagand Kooperbeg (1995). The exponentialcorrelation
functionis thereforethe easiestase giving analmostperfectmatchfor neighbourhoodizeslargerthan3 x 3.
TheGaussiarandsphericakorrelationfunctionsrepresentnoredifficult casesasthey consistof exponentially
decayingsin’s of all orders.Despitethis fact, thefit is surprisinglygood,evenwith 5 x 5 neighbourhoods.

Tablel givesthe upperright part(comparewith Figurel) of the coeficientsin thefitted GMRF, with a
5 x 5 neighbourhoodfor the threecorrelationfunctionsin Figure2. We find the parametergsounterintuitive,
whenwe take into accountthat the correlationfunctionswe are matchingareall positve. Evenwhenusing
interpretation®f the parameterasconditionalmeanandvariancesthefitted parametevaluesarevery hardto
understandntuitively. Thus,we suggesthatmodellingof Gaussiarspatiallyvarying variableswith a Markov
property shouldbe donethrougha correlationfunctionandthenfit a GMRF with a prescribedcheighbourhood
usingD(f, f). For thefitting procesgo be computationallyfeasible(for alarge grid) it mustbe donefor fields
definedon atorus.However, whenthefitted GMRF parametersiave beenobtained they may be usedalsofor
GMRFswith otherboundaryconditions.



Tablel: Coeficientsin thefitted GMRF usingthe D( f, f) criterionandab x 5 neighbourhoodor exponential,
Gaussiarandsphericakorrelationfunctionswith ranger = 30. Thetablesshav theupperright partof Figure
1.

3.1918 -1.8615 1.2606 34.556 —4.9243 —1.9642 24.901 —15.233 9.2614
—4.1667 —0.1940 —1.8615 |—290.25 108.55—4.9243 |—-20.662 —0.3277 —15.233
14.526 —4.1667 3.1918 635.79 —290.25 34.556 69.179 —20.662 24.901

Exponential Gaussian Spherical
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RESUME

Cetarticle considérda tachesuwvante, souent produitedansles modélesbayésienspatiaux: construireun

champgaussiemarkovien homogeng GMRF) sur un treillis avec une fonction de corrélationdonnée. La

distancaedeKullback-Leiblermanquesouentdanscettetdche cequi donneungrave comportemenindésirable
de la fonction de corrélationpour desdistancesn dehorsdu voisinage. Nous proposonsin nouveaucritére

qui résoutcette difficulté, et nousdémontrongque des GRMFs avec de petits voisinagespeuent trés bien

approximerdeschampggaussienanémeavecdelonguescorrélations.



Figurel: The6 parametersor aGMRFwith a5 x 5 neighbourhood.
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Figure2: Tamget correlationfunction (solid) and correlationfunctionsfor fitted GMRFswith neighbourhood
sizes3 x 3 (dash-dotted); x 5 (dashedynnd7 x 7 (dotted). Target correlationfunctionsare(a) exponential,
(b) Gaussiarand(c) sphericalall with correlationranger = 30.



