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1. Introduction

Two-Stage Least Square estimator and Two-Stage Least Absolute Deviation estimator have been
studied in Amemiya (1982) and Powell (1983). Researchers interested in specific parts of the
conditional distribution have estimated quantile regressions. Some of them attempt to correct the
endogeneity of some explanatory variables by implementing a first stage of least-squares
instrumental estimation [Arias et a (2001), Garcia et a (2001)]. In this paper we extend Amemiya
(1982) and Powell (1983) by predicting the values of endogenous variables with first stage quantile
regressions based on the same quantile than the final quantile regression (Double-Stage Quantile
Regression or DSQR). We derive the asymptotic representation and normality of the DSQR
estimator and provide a consistent estimator of the covariance matrix of the DSQR estimator. We
findly study finite sample properties by usng smulations.

2. The Moded

We are interested in the structural parameter (a,) in an equation given in the following matrix
form for asampleof T observations:

y=Yg, + X,b, +u° Za, +u (1)
where [y, Y] isa T~ (G +1) matrix of endogenous variables, X, is T~ K, matrix of exogenous
variables, Z° [Y, X,], a8° [g§bf,and u isa T 1 vector. We denote by X, the matrix of
K, ° (K- K,) exogenous variables absent from equation (1). Let us assumethat Y has areduced-
form representation:

Y =XP,+V 2
where X ° [X,, X,] isa T~ K matrix, P, isa K~ G matrix of unknown parameters and V isa
T~ G matrix of unknown error terms. Then, the reduced form representetion is

(3)

y= o + RN
where p, °X§PO,§K1 %‘fao ° H(P,)a, and v° u+Vg,. The first stage estimation of equations (2)
and (3) yields so eammators p and P respectively of p, and P , with TY?(p - p,) =0,(1) and
TY?(P - Py,)=0,02).

Let be the "check function” r (2): R® R" for a given ql 0 as r,(2° zy,(2) where
Y.(2°q-1,, whee 1, is the Kronecker index. We define the Double-Stage Quantile
Regression (DSQR( g,q)) estimator a of a, as a solution to the following minimisation
programme: R o A

mn S (@,p,P,q,a)° a Iy +1- PXH - XH(P)a) (4)
where f}t and X, arethe t" elements in y and X respectively and q is a nonzero constant
chosen in advance by the researcher. We assume that (i) {u,,V,} are independent and identically
distributed where u,,V, are the t" elements in u,V respectively (ii) Ef/,(v)) =0 (iii)



X, X8® Q and Q is finite and positive definite and (iv) v, has a continuous density f

T 4.
f( >0.

an
3. The Asymptotic Representation

We consider the following data generating process deduced from equation (3).

Y, = X&@, +6 5 _ ©)
where y, © gy, + (1- q)XP,, X¢° XH (P ,) and € =qv,. Equation (5) provides us with insight
on the estimation of a, when the true auxiliary parameters (p,, P,) are known and alows the
direct application of Bickd's (1975) results. We first define

M, (D)° T4 Xy, (&-T*X©),
where D isa K~ 1 vector. The following lemmais a direct gpplication of Bickd's lemma.

Lemma 1. Under our assumptions, forany L >0,
p || M+ (D) - M;(0) +wWQD | =0, (1),
where IPBH| © (D®)"'? and w® g *f(0) .

Using Lemma 1 we obtain the following asymptotic representation for the DSQR(q, q).

Proposition 1. Under our assumptions, the DSQR( ,q ) estimator has the asymptotic
representation:

TY2(@E- a,) = QH(H )T Y28 _ X, of (0) 'y, (v,)

+(1- QT2 - p,) - QTY2(P - P,)g,} +0, (D)
where Q,, © H(P ,)QH (P ).

4. The Asymptotic Normality and Covariance Matrix

We now substitute the asymptotic representations of TY2(p - p,) and T?(P - P,)g, into the
asymptotic representation of T"?(&- a,). Here, using the LS estimation for p and P in the first
step produces an asymptotic bias on the intercept coefficient caused by the nonvanishing difference
between quantile and mean, Efy ,(v,)- v,). In contrast, using quantile regression to estimate p
and P with the same quantile than the final stage will cause the bias to disappear.

Theorem 1. Under our assumptions and if there exists a postive constant D such that
| X, || £ED<¥ ford| t,then

TY?@-a,) ® N(O,C),
where C°s2Q;}, s2° E(?) and h, © £(0)Yy,(w)- [9,(0) Yy Vi) 96 (0) Y (Ve )1, -

We now propose a consistent estimator of the asymptotic covariance matrix C . Using
El/,(v)?) =a(- g), anestimator for sgis
S?°q(l-q)f(0)* +gong- 21 (0) :GeG. «

The matrix W has a typical element W, © 6, (0 *q@- )L, +6,(0) *9,(0) *(d; - a*).
where d; © T'a t:ll[vf 50131\7- .o ad V,, is the quantile regression residua from (2). The vector G
has a typical element G © g, &0)-1(q -g*) whered, ° T § " Lyeaky o @ Y, is the quantile
regression residual from (3). The density estimators f (0) and g; (0) ‘can be obtained by using
standard kernel estimation methods. It can be easily shown thatAsA ’® sg which implies that our
estimator givenby C © $7Q; where Q,, © T*§ | H(P)X, XM (P)¢is consistent.



5. Monte Carlo Simulation

We conduct simulation experiments to investigate the finite sample properties of the
DSQR(q, q) estimator of the structural parameters (g,, b,) intwo cases: (1) when the endogeneity
problem is ignored and (2) when the problem is corrected using DSQR. The objective function (4)
can be tranglated into a linear programming problem and the DSQR(q, q) is obtained by a modified
version of simplex algorithm by Barrodale and Roberts (1974). The performance of the one-stage
quantile regression estimator is displayed in Table 1 where the true structural parameters are given
by g, = 05, b,, = 1 (intercept coefficient) and b,, = 0.2. As expected, this estimator is
systematicaly biased in smdl and moderate Sze samples.

Table 1. Means and Standard Deviations of One Step Quantile Estimator in the Simulation

q 0.05 0.25 0.50 0.75 0.95
T =50
g Mean 0.1131 0.1043 0.1020 0.1070 0.1142
Std 0.2879 0.1812 0.1708 0.1736 0.2841
B, Mean 1.9226 2.0333 21172 2.1808 2.2462
Std 1.3145 0.6586 0.5264 0.4370 0.5007
b, Mean 0.4249 0.4374 0.4404 0.4353 0.4398
Std 0.3598 0.2267 0.2110 0.2229 0.3548
T = 300
§ Mean 0.1085 0.1135 01111 0.1120 0.1103
Std 0.1087 0.0714 0.0670 0.0726 0.1098
B, Mean 1.9891 2.0940 2.1937 2.2838 2.4147
Std 0.5351 0.2766 0.2188 0.1934 0.2129
b, Mean 0.3963 0.3903 0.3951 0.3940 0.3931
Std 0.1236 0.0844 0.0759 0.0858 0.1294

The results for the DSQR(q, g) estimator are provided in Table 2. The means of (g, 6) are much
closer to the true parameters than the one-step quantile estimator over al values of q, athough the
corresponding standard deviations are generally greater. When T = 50, the DSQR(q, ) estimator
Is biased owing to the small sample size. The bias disappears and the standard deviation becomes
smaller by half when we increase the sample size to 300. Also, since the standard deviations are
symmetric quadratic functionsof q about 0.5, they become larger as q becomes closer to O or 1.

Table 2. Means and Standard Deviations of DSQR(q,q) in the Simulation

q 0.05 0.25 0.50 0.75 0.95
T =50
g Mean -3.2926 0.7372 0.5570 0.5699 0.7038
Std 119.6657 3.4276 1.1030 0.7669 3.5433
By Mean 14.1242 0.3456 0.8310 0.7923 0.3493
Std 412.5810 9.6412 3.1042 2.2001 10.4769
b, Mean 1.8155 0.0487 0.1792 0.1598 0.0799
Std 49,6428 2.0736 0.7927 0.5350 2.1024
T = 300
g Mean 0.5331 0.5119 0.5003 0.5056 0.5049
Std 0.3428 0.1667 0.1505 0.1653 0.2888
X Mean 0.9012 0.9598 0.9978 0.9786 0.9775
' Std 1.0495 0.5264 0.4725 0.5197 0.9161
i Mean 0.1823 0.1976 0.2000 0.1994 0.2027
' Std 0.2220 0.1172 0.1059 0.1150 0.1915
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RESUME

We present in this paper the asymptotic properties of double-stage quantile regression
estimators. These results permit valid inferences in models estimated using quantile regressions, in
which the endogeneity of some explanatory variables is treated via ancilliary predictive equations
estimated with quantile regressions.

Nous présentons dans ce papier les propriétés asymptotiques des estimateurs en deux étapes
pour les régressions quantiles. Ces résultats permettent des inférences valides dans les modeles
estimés a partir de régressions quantiles, dans lesquels I’ endogénéité de certaines variables
explicatives est traité via des équations prédictives auxilliaires.



